1. Introduction. In this note we consider the following boundary value problem; dG (la) AG -a -+ 0(f, QG = 0, dt (lb) lim Git, f) = ail) for almost all £.
Í-KI+
Here \ denotes the variable (£1, £2, • • • , £") which ranges over the «-dimensional Euclidean space En and has the norm ||| =(j^+fl + • " • +£»)1/2, the number t has therange 0<t<t0 where 20 is a positive number or 4-oo, a is a positive constant, and the symbol A denotes the «-dimensional Laplace operator.
Under suitable assumptions on dit, I) and ail), a solution of the system (la, b) is given in the region R= {it, f): 0<t<t0, £££"}, by (2) Git, I) = IeAt, I), This boundary value problem for the case « = 1 has been studied by R. H. Cameron [l] . In this note it is indicated how much of Cameron's work can be extended to «-dimensions while at the same time certain of his conditions can be weakened.
The differential equation (la) with different boundary conditions has been studied by M. Rosenblatt [5] . His results, as well as his methods, are, however, very different from those considered here. Theorem 1 (Existence theorem). Let 6(t, |) and its partial derivatives0t(t,D,6(i(t,l), (i = l,2, ■ ■ ■ ,n),and6uu(t,l),(i = 2,3, n) be continuous functions of (t, \) in R and satisfy in R the following conditions; (5) e(t, Ö < ¿ Cdi + Bi, (2+ |{|) is bounded, it follows that G is given uniquely by (2).
Theorem 3 (General uniqueness theorem for « = 1). 7« the region R let 6(t, £) be bounded below and satisfy (5), let 6t(t, £) and di(t, £) be continuous and satisfy (6) and (7), and let (9) hold. For each t0' satisfying 0<t0' <t0 let R' (R' = R'(t0')) be defined by R'={(t, £): 0<í<ío', ZEE1}. Then if G(t, £) is any solution of the system (la, b)
in R with continuous derivatives Gt and Gj such that in each R'
where 54 and B6 are positive numbers (depending on R', and thus on t¿), it follows that G is unique in R. If, moreover, a(£) is such that (r(£) exp { -bi £2} is measurable and bounded for some bi satisfying (10), then such a solution G(t, £) does indeed exist and is given by (2).
Conversely, if the system (la, b) can be solved by other means, the Wiener integral defined by (2) can be calculated. From this point of view we have the following theorem, which is a sharpening of Theorem 5 of [l] and which follows very readily from Theorem 3. has not yet been found possible to extend Cameron's uniqueness results to «-dimensions. This is because the transformation theorem due to Cameron and Fagen [2 ] which is the basis for the proof of the uniqueness theorem only applies to one dimension. It seems probable that future research will overcome this restriction.
3. Methods of proof. The theorems given above can be proved by modifications and extensions of the methods used by Cameron. The main changes are of course due to the weakening of his conditions on 6(t, £) and its derivatives to our conditions (5), (6) , (7) and (8), and the extension of part of his work to «-dimensions.
The conditions (5), (6), (7) and (8) On substituting, the right side of (14) becomes
JC L J°+ Msai(r))dy(r), I Micti(r)dy(r) ¿"y.
Finally, an application of (13) • exp { -«i -«2} duidui.
Where a factor of the form exp {ju[x(i)]2} occurs in an integrand, it suffices for our purpose to note that it follows from a theorem of Erdös and Kac [4 ] that this functional is integrable over C for p < 1.
Using the above-mentioned facts and conditions (9) and (10), Cameron's proofs can quite readily be modified to give proofs for the sharpened theorems. The extension of Theorem 1 to «-dimensions is not difficult.
As these proofs are lengthy and as there are no essential difficulties, they will not be written out.
